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Abstract
The effect of the surface coupling Js on the dependency of the layering transition
temperature TL as a function of the thickness N , of a spin−1/2 Ising film, is studied using
the mean field theory. It is found that for Js greater than a critical value (Jsc = 1.30),
the layering transition temperature decreases when the film thickness N increases for
any values of the surface magnetic field Hs. While, for Js < Jsc, the behaviour of the
layering transition temperature TL, as a function of N , depends strongly on the values
of Hs. Indeed, we show the existence of three distinct behaviours of TL, as a function
of the film thickness N , separated by two critical surface magnetic fields Hsc1 and Hsc2,
namely: (i) for Hs < Hsc1, TL increases with N ; (ii) for Hsc1 < Hs < Hsc2, TL increases
for small values of N , and decreases for large value ones; (iii) while for Hs > Hsc2, TL
decreases with increasing the film thickness. Furthermore, depending on the values of Js,
the wetting temperature Tw(Tw = TL when N →∞ for a given material), can be greater
or smaller than the layering transition temperature of a film of thickness N of the same
material.
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1 Introduction
The wetting and layering transitions of magnetic Ising systems have been studied by several
authors. A simple lattice gas model with layering transitions and critical points has been in-
troduced and studied in the mean field approximation by de Oliveira and Griffiths [1], Pandit
et al. [2], Nightingale et al. [3] and Ebner et al. [4-7]. A variation of phase diagrams with
the strength of the substrate potential in lattice gas model for multi-layer adsorption has been
studied, using Monte Carlo simulations, by Patrykiejew et al. [8], and Binder and Landau [9].
One type of transitions is the layering transitions, in which the thickness of a solid film increases
discontinuously by one layer as the pressure is increased. Such transitions have been observed
in a variety of systems including for example 4He [10,11] and ethylene [12,13] adsorbed on
graphite.
Ebner [14] carried out Monte Carlo simulations of such a lattice gas model. Huse [15] applied
renormalization group technique to this model. It allowed the study of the effects on an atomic
scale or order disorder transitions in the adsorbed layers, which may have considerable influence
on the layering transitions and tracing back macroscopic phenomena on inter-atomic potentials.
Benyoussef and Ez-Zahraouy have studied the layering transitions of Ising model thin films us-
ing a real space renormalization group [16], and transfer matrix methods [17]. As for the film
system, which is finite in one direction, it has been established that its magnetic properties can
differ greatly from those of the corresponding bulk [18-22]. Experimental results [23] showed
that the critical temperature of a vanadium film depends on the film thickness and its critical
behaviour is like that of the two-dimensional system rather than that of the three-dimensional
bulk. Although the great number of theoretical works made in the field of wetting phenomena,
especially the effect of the nature of the substrate potential on wetting and layering transitions
[1,2,16,17,24,25], the relation between the surface coupling and the wetting temperature is not
yet sufficiently investigated. However, Hong [26] has studied the effect of the surface couplings
on the behaviour of the critical temperature film as a function of its thickness.
Our aim in this paper is to study the effect of the surface coupling (different than the bulk
one) on the behaviour of the layering transition and the wetting transition temperatures, as a
function of the film thickness of a spin−1/2 Ising film, using the mean field theory.
However, depending on the value of the surface coupling Js, the layering transition tempera-
ture TL can increase or decrease with the film thickness and reaches the wetting temperature
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Tw(Tw = TL when N → ∞) for a sufficiently thick film. Furthermore, it is found that there
exists a critical value Hsc of the surface magnetic field below which the wetting temperature is
independent on the surface coupling Js, while for Hs greater than Hsc the wetting temperature
depends on the Js values. Such results can be useful for experiments. This paper is organised
as follows. Section 2 describes the model and the method. In section 3 we present results and
discussions.
2 Model and method
We consider a film formed with N coupled ferromagnetic square layers k = 1, ..., N (k = 1 is
considered as a surface) infinite in the x and y directions, in an external and surface magnetic
fields, as it is illustrated by Fig. 1.
It is well known that the spin−1/2 variable values can be written as: Si = (h¯/2)σi where
σi = ±1. For simplicity we assume, hereafter, that h¯/2 = 1. Hence, the Hamiltonian governing
the system is given by:
H = −
∑
<i,j>
Ji,jσiσj −
∑
i
Hiσi (1)
The first sum runs over all nearest-neighbour sites. In several previous works [16,17,24,25], the
case of a constant coupling Ji,j = Jb =constant has been studied. Here, we consider the model
where the constant couplings are given by:
Ji,j =


Js for (i, j) ǫ surface
Jb elsewhere
(2)
In the last sum of the Hamiltonian (1), the total magnetic field Hi is applied on each site ”i”,
and distributed according to:
Hi =


H +Hs for i ǫ surface
H +Hs/k
α elsewhere
(3)
with α being a positive constant. In all the following, we will be limited to a constant surface
magnetic field Hs applied only on the surface (k = 1). This is the case for α→∞.
The results of the model for a finite α value exhibits similar topologies of the phase diagrams
as it was outlined by Binder et al. [27,28] and in some of our earlier works [16,17,29].
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Using the mean field theory, we introduce the effective HamitonianH0 =
∑
i kiσi+
∑
iHiσi, with
ki =
∑
j Jijσj , the sum runs over the nearest-neighbour sites
′j′ of the site ′i′. The magnetization
of each site i is given by: mi =
Trσiexp(−βH0)
Trexp(−βH0)
, where Tr means the trace performed over all spin
configurations. Since the system is invariant by translation in both x and y directions, mi = mk
for each site ’i’ of the layer k. Hence, the magnetisation of a layer k can be written as:


m1 = tanh(β(4Jsm1 + Jbm2 +H1)) for k=1
mk = tanh(β(4Jbmk + Jbmk−1 + Jbmk+1 +Hk)) for k=2,...,N-1
mN = tanh(β(4JbmN + JbmN−1 +HN)) for k=N
(4)
With the free boundary conditions: m0 = mN+1 = 0.
The total free energy of the system can be written as follows
F =
N∑
k=1
Fk, (5)
where Fk stands for:


F1 = −
1
β
Log(2cosh(β(λ1 +H1))) +
1
2
m1λ1 for k=1
Fk = −
1
β
Log(2cosh(β(λk +Hk))) +
1
2
mkλk for k=2,...,N
(6)
where 

λ1 = 4Jsm1 + Jbm2 for k=1
λk = 4Jbmk + Jbmk−1 + Jbmk+1 for k=2,...,N
(7)
and β = 1/(kBT ) with T being the absolute temperature and kB the Boltzmann constant.
3 Results and discussion
Reduced values of the parameters T , TL, Tw, H , Hs and Js are investigated in this work.
However, for simplicity the syntax ”reduced” will be cancelled despite the fact that we use the
notations X/Jb(X = T, TL, Tw, H,Hs, Js) and give numerical values of these reduced parame-
ters.
The notation 1kON−k will be used for a configuration where the first top k layers from the
surface, are in the state ’up’ and the remaining N − k bottom layers are in the state ’down’.
In particular, 1N (rep. ON) will denote a system where all the layers are with positive mag-
netisation (rep. negative magnetisation). There exists N + 1 possible configurations for a film
formed with N layers. However, the transition of the layer ”k” is characterised by the change
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of the sign of its magnetisation while the magnetisations of the remaining N − k layers of the
film keep their initial sign i.e.: 1k−1ON−k+1 ↔ 1kON−k. Hence, for k = 1 the transition is called
the surface transition.
The ground state phase diagram (T = 0) do not depend on the surface coupling constant Js.
Hence, in the following we will give results and phase diagrams for T 6= 0. We solve numerically
the equations (4) and (6) in order to establish the phase diagrams of the system. Indeed, Fig. 2
shows that the layering transition temperature TL/Jb, defined as the temperature above which
the layers (k 6= 1) of the film begin to transit layer-by-layer, which is usually greater than the
”surface transition” temperature. Except the special case of a film formed with two layers,
where the surface transition temperature is close to the layering transition temperature TL/Jb.
It is understood that the wetting temperature Tw/Jb coincides with the limit of TL/Jb for a
sufficiently thick film (N →∞).
A numerical study of the layering transition temperature as a function of the film thickens is
illustrated by Figs. 3a and 3b for two surface magnetic field values and selected values of the
surface coupling constant. It is shown that for a smaller value of the surface magnetic field,
the wetting temperature keeps a constant value (Tw/Jb ≈ 5.1 for Hs/Jb = 0.1) at any surface
coupling constant values, as it is shown in Fig. 3a. For a higher value of the surface magnetic
field (see Fig. 3b), the scenario is inverted and the layering transition temperature TL/Jb (as
well as the wetting temperature) depends strongly on the surface coupling values. Indeed, for
a fixed value of the surface magnetic field Hs/Jb = 1.0, some wetting temperature values are:
Tw/Jb ≈ 5.5 for a small value of the surface coupling constant Js/Jb = 0.01 and Tw/Jb ≈ 2.4
for a higher value Js/Jb = 1.8, as it is summarized in Fig. 3b.
Nevertheless, there exists three classes of the layering transition temperature behaviours, namely:
The behaviour (i) is a situation where the layering transition temperature TL/Jb increases with
the film thickness and stabilises at a certain fixed value. This behaviour is always seen for small
values of the surface coupling and any surface magnetic field value. The behaviour (ii), where
TL/Jb increases until a certain film thickness above which it decreases exhibiting a maximum.
This situation is found for medium values of both the surface coupling and the surface magnetic
field. Finally the behaviour (iii), where TL/Jb decreases continuously and stabilises at a value
close to Tw/Jb. This is generally the case for higher values of surface coupling.
It is worth to note that the wetting temperature Tw/Jb (which coincides with TL/Jb for a suffi-
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ciently thick film) decreases as Hs/Jb increases at a fixed surface coupling constant Js/Jb. This
is because the surface region becomes magnetically harder than the deeper layers, and as the
film is thicker, the strength of the internal magnetic field decreases leading to a decrease of
Tw/Jb.
We found two critical surface coupling constants Jsc1/Jb and Jsc2/Jb. Jsc1/Jb separates the
behaviours (i) and (ii), while Jsc2/Jb separates the behaviours (ii) and (iii). The dependency
of these critical parameters, Jsc1/Jb and Jsc2/Jb, as a function of surface magnetic field is plot-
ted in Fig. 4. For small values of the surface magnetic field Hs/Jb, the constants Jsc1/Jb and
Jsc2/Jb become similar and are close to the value 1.30, and vanish as the surface magnetic field
Hs/Jb increases.
The results of the Figs. 3(a,b) are summarised in Fig. 4, since for small values of surface
magnetic field Hs/Jb the three behaviours of TL/Jb, namely (i), (ii) and (iii) are found in this
figure, when increasing the surface coupling Js/Jb values.
The two critical surface coupling constants Jsc1/Jb and Jsc2/Jb correspond, respectively, to two
critical surface magnetic fields Hsc1/Jb and Hsc2/Jb separating the three regimes of the TL/Jb
behaviours. For sufficiently large values of Js/Jb (Js/Jb ≥ 1.30), TL/Jb decreases when increas-
ing the film thickness N for any values of Hs/Jb. While, for Js/Jb < 1.3, the layering transition
temperature TL/Jb exhibits the three behaviours: (i), (ii) and (iii) depending on the Hs/Jb
value. In particular for Hs/Jb ≥ Hsc2/Jb, TL/Jb is always decreasing when the film thickness
increases, see Figs. 3a, 3b. It is also interesting to examine the surface coupling effect on the
layering transition temperature, for a fixed surface magnetic field value. As it is illustrated
in Fig. 5, for a film size N = 5 layers and several surface magnetic field values, the layering
transition temperature increases for small values of Hs/Jb and decreases when Hs/Jb reaches
higher values. This figure shows also that the layering transition temperature decreases when
increasing the surface magnetic field Hs/Jb, for a fixed value of the surface coupling Js/Jb. This
result was already outlined in earlier works e.g. Pandit et al. [2] and in some of our recent
works [24,25].
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4 Conclusion
In conclusion, we have studied the effect of the surface coupling Js on the wetting and
layering transition temperatures as a function of the thickness N , of a spin−1/2 Ising film,
using mean field theory. We showed the existence of a critical value (Jsc = 1.30) of the surface
coupling constant Js, above which the layering transition temperature TL decreases when the
film thickness increases for any values of the surface magnetic field Hs. While, for Js < Jsc,
there exists three distinct behaviours, namely: (i) for Hs < Hsc1, TL increases with N ; (ii)
for Hsc1 < Hs < Hsc2, TL increases for thin films, and decreases for thick ones; (iii) while for
Hs > Hsc2, TL decreases with increasing the film thickness. Furthermore, for Js > Jsc the
wetting temperature Tw(Tw = TL when N →∞), is independent on Js. While for Js < Jsc Tw
depends on the value of Js. Such result may be useful for experiments.
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Figure Captions
Figure 1. A sketch of the geometry of the system formed with N layers and subject to
the surface magnetic field Hs and the global magnetic field H . Js denotes the interaction cou-
pling constant between the spins of the surface; Jb is the interaction coupling constant between
the spins of the bulk as well as between the spins of the bulk and those of the surface.
Figure 2.: Phase diagram, in the (H/Jb, T/Jb) plane, showing the layering transitions, and
the definition of the layering transition temperature TL/Jb, which is different from the surface
transition temperature. This figure is plotted for a system size with N = 10 layers, a surface
magnetic field Hs/Jb = 1.0 and a surface coupling constant Js/Jb = 1.5.
Figure 3.: Layering transition temperature, TL/Jb, behaviour as a function of the system size
( number of layers) with a) Hs/Jb = 0.1 and b) Hs/Jb = 1.0. The number accompanying each
curve denotes the surface coupling Js/Jb value.
Figure 4.: Critical surface couplings Jsc1/Jb and Jsc2/Jb profiles as a function of the surface
magnetic field Hs/Jb. The behaviours (i) and (ii) are separated by the Jsc1/Jb line; while
Jsc2/Jb separates the behaviours (ii) and (iii).
Figure 5.: Layering transition temperature behaviour as a function of the surface coupling
Js/Jb for N = 5 layers and selected values of the surface magnetic field Hs/Jb: 0.1, = 0.2, 0.3,
= 0.4, 0.5 and 0.6.
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